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ADDENDUM

A property of the scattering matrix for three-channel systems
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PO Box 147, Liverpool L69 3BX, UK
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Abstract. Formulae for the amplitudes of each diagonal element in terms of the phases of
the off-diagonal elements of the 3 x 3 unitary symmetric § matrix are given. These formulae
are a great improvement and simplification on those given recently and have a form similar
to the inverse relations. There are no problems with the choice of signs of square roots at
any point within the Waldenstrgm pyramid.

In a recent paper (Kabir and Kermode 1987) we have shown that for the off-diagonal
element of the three-channel § matrix

S; = Ny exp[i(§;+ 6, + ;)] i#j (1)
the phase B; is simply related to the amplitude %, of the diagonal element

S, = n; exp(2i8;) i=1,2,3. (2)
The relations are
tan’ 8,,= AB/CD tan’ B,;= AD/BC tan® By, = AC/BD (3)
where

A=(m+m+n) -1 B=1-(m+mn~ny’ @

C=1-(m+n—mn)’ D=1-(n+n;~n)"

Waldenstrgm (1974) has given some inequalities for n,, 7, and n; and has shown
that they lead to a region of (n,, 12, 7:)-space bounded by a pyramid. Points in or
on the pyramid are allowed by the unitarity of the S matrix. From this pyramid, or
from 0=<7, =<1, we can add some lower bounds to Waldenstram’s inequalities. Thus

mtntn=1 “lsn+tn-m=l s)
“lsmtn-msi “Isn+n-n=1l

It follows immediately that
A=0 0<B<1 0=C=1 0o<D<1, (6)

The formulae for the 7, in terms of the B3, given in our previous paper do not hold
for all points in the pyramid. For example, if the values n, = ,=0.1, n; = 1.0 are used
to calculate A, B, C and D and these formulae used to ‘recalculate’ 7,, we obtain
7, = 0.9, rather than n, =0.1. This follows because we assumed the lower bound in
the inequalities (5) was O instead of —1. The formulae can be modified with a suitable
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self-consistency procedure to determine the appropriate sign for each square root.
However, we shall not give these modifications because we have found simpler
formulae, which cause no problems with square root ambiguities because B, C and
D are non-negative (equation (6)) as are the n,.

Writing

b= B/A =|cot B,; cot B
c=C/A=]|cot B, cot B3 (7)
d =D/A=|cot B,; cot B,
(note the introduction of the modulus sign) and letting
A=1-b+c+d=8nn,/A=0
pu=1+b-c+d=8n,1n/A=0 (8)
v=1+b+c~d=8n;m/A=0
we have
813 =Arv/p 8n3=AAu/v 8n3=Aur/A (9)
where A=1/t is obtained from
t=(Ap+puv+vd)/8Aur —1. (10)

Equations (9) and (10) are much simpler than the corresponding equations in the
previous paper and there is no problem with the square roots because n,, 7, and 7,
are non-negative. Also, the form of equations (9) is similar to the form of equations
(3), the inverse relations. We have checked these formulae by taking many points
within the Waldenstrgm pyramid, calculating A, B, C and D and then ‘recalculating’
11, n2 and n; from equations (9) and (10). The correct answers were obtained for
each point considered.
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